This congruence contains as special cases many known congruences, for example, those of Pizer [ 131 and those of Kenku [ 111. In this paper we analyze (1.1) in the case n = 2 in order to obtain new congruences modulo 16 involving h( -8pq) and h( -4pq), when pq-1 (mod 4), and h( --pq), when pq = 3 (mod 4) where p and q are distinct odd primes. We begin by giving a summary of references to known results (see Table I ). In cases 1-3, 7, 9, 10, 13, and 18, (1.1) does not give new information. In case 4, (1.1) is used, together with the conjecture given in [ 161, to conjecture the value of h( -4pq) (mod 16) (see Section 2, Conjecture). In cases 5, 6, 8, 11, 12 , and 14, (1.1) is used in conjunction with results specified in the table to obtain the value of h( -8pq) (mod 16) (see Section 3, Theorem 1; Section 4, Theorem 2; Section 5, Theorem 3; Section 6, Theorem 4; Section 7, Theorem 5; Section 8, Theorem 6). In cases 15 and 16, as h( -8pq) is known modulo 16, (1.1) gives h( -4pq) (mod 16) (see Section 9, Theorem 7; Section 10, Theorem 8). In case 17, since neither h( -4pq) nor h( -8pq) is known individually (mod 16), (1.1) just gives h( -4pq) + h( -8pq) (mod 16) (see Section 11, Theorem 9).
In proving our results we shall need the classical congruences (see, e.g., We will also use the following notation. If p is a prime c 1 (mod 4) we let a and b be the unique integers such that
Similarly if q is a prime E 1 (mod 4), we define integers A and B uniquely by replacing p by q, a by A, h by B in (1.8). Frequent use will be made of the congruence (and the similar one involving q and A)
This is given in [16, p. 9721 and is a straightforward deduction from (1.8).
We will also use the congruence Then, from (1.5) and (1.13), we obtain for p = 3 (mod 8) and p > 3,
In this case ( 1.1) gives 2 (mod8)
( 5.2)
The required result now follows from (1. lo), (5.1), and (5.2 (mod 16).
Proof.
For q> 3 the result follows from (1.9), (l.lO), (1.14) and (6.1). For q = 3 the result follows from (1.9) (l.lO), (6.1) and the fact that h( -24) = 2. We remark that in this case (6.1) is equivalent to (11.7) and (11.8) of Corollary 11.4 of [2] .
The following tables illustrate Theorem 4. We write and, for q = 3, we have h( -24~) = 2a -2b + 6 (mod 16).
ProoJ
For q>3 the result follows from (1.9), (l.ll), (1.13), and (7.1). For q = 3 the result follows from (1.9), ( 1.1 1 ), and (7.1). We remark that (7.1) in this case is equivalent to (11.5) and (11.6) Proof: The result follows from (1.9), (1.13), (8.1), and [16, Theorem (b) (ih (ii)]. For p > 3 and q > 3 the result follows from (1.13), (1.14) (9.1) and (9.2). For p = 3 and q > 3 the result follows from (1.14), (9.1), and (9.2). For p>3 and q=3 the result follows from (1.13), (9.1), and (9.2).
We remark that (9.1) is equivalent to the appropriate congruences of Corollary 11.6 of [2] when p or q = 3.
The following tables illustrate Theorem 7. We write x=( ,k2s;&).
Y=( -1)'Pp3)'8. The following table illustrates Theorem 8. We write Z = (lk'x + /y//q). 
